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1. Kac $f_{n}(t)= \sum_{k=0}^{n}a_{k}t^{k}(\{a_{k}\}_{k=0}^{n}$
i.i.d. ) $N_{n}$
$\mathbb{E}[N_{n}]=\frac{1}{\pi}\int_{\mathbb{R}}\sqrt{\frac{1}{(t-1)^{2}}-\frac{(n+1)^{2}t^{2n}}{(t^{2n+2}-1)^{2}}}dt$
Littlewood-Offord $narrow\infty$ $\mathbb{E}[N_{n}]\sim\frac{2}{\pi}\log n$
[10]. [4]. Logan-
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$*1$ (Hafnian) E. R. Caianiello
Hafnia [3, 21].
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$2n\cross 2n$ $B=(b_{ij})_{1\leq i,j\leq 2n}$ Pf $B$ $2n\cross 2n$ $A=$
$(a_{ij})_{1\leq i,j\leq 2n}$ Hf $A$
Pf
$B= \sum_{\eta\in \mathcal{F}_{n}}\epsilon(\eta)b_{\eta(1)\eta(2)}b_{\eta(3)\eta(4)}\cdots b_{\eta(2n-1)\eta(2n)}$
Hf
$A= \sum_{\eta\in \mathcal{F}_{n}}a_{\eta(1)\eta(2)}a_{\eta(3)\eta(4)}\cdots a_{\eta(2n-1)\eta(2n)}$
$\epsilon(\eta)$
$\eta$
$\mathcal{F}_{n}:=\{\eta\in \mathcal{S}_{2n}|\eta(2i-1)<\eta(2i)(i=1,2, \ldots, n), \eta(1)<\eta(3)<\cdots<\eta(2n-1)\}.$
1. $n=1,2$ $:\mathcal{F}_{1},$ $\mathcal{F}_{2}$
$\mathcal{F}_{1}=$ $\{(\begin{array}{ll}1 21 2\end{array})\}, \sqrt{}2=\{(\begin{array}{llll}1 2 3 41 2 3 4\end{array}) (\begin{array}{llll}1 2 3 41 3 2 4\end{array}) (\begin{array}{llll}1 2 3 41 4 2 3\end{array})\}$
Pf $(\begin{array}{ll}0 b_{12}-b_{12} 0\end{array})=b_{12}$ , Pf $(\begin{array}{llll}0 b_{12} b_{13} b_{14}-b_{12} 0 b_{23} b_{24}-b_{13} -b_{23} 0 b_{34}-b_{14} -b_{24} -b_{34} 0\end{array})=b_{12}b_{34}-b_{13}b_{24}+b_{14}b_{23}$
Hf $(\begin{array}{ll}a_{11} a_{12}a_{12} a_{22}\end{array})=a_{12}$ , Hf $(\begin{array}{llll}a_{11} a_{12} a_{13} a_{14}a_{12} a_{22} a_{23} a_{24}a_{13} a_{23} a_{33} a_{34}a_{14} a_{24} a_{34} a_{44}\end{array})=a_{12}a_{34}+a_{13}a_{24}+a_{14}a_{23}$
$a_{ii},$ $i=1,2,$ $\ldots,$ $n$
(permanent)
$\det A=\sum_{\eta\in S_{n}}$
sgn $( \eta)\prod_{i=1}^{n}a_{i\eta(i)}$ , per $A= \sum_{\eta\in \mathcal{S}_{n}}\prod_{i=1}^{n}a_{i\eta(i)}$
Borchardt
3
1. $A$ $n$ $B$ $2n$ $C$ $2n$
. : $\det B=(PfB)^{2}.$. :
$\det A=(-1)^{n(n-1)/2}$ Pf $(\begin{array}{ll}O A-A^{T} O\end{array}).$
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. :Pf$(C^{T}BC)=\det C$ . Pf $B.$
2(Wick ). $(X_{1}, X_{2}, \ldots, X_{2}n)$ $0$
(1) $\mathbb{E}[X_{1}X_{2}\cdots X_{2n}]=Hf(\mathbb{E}[X_{i}X_{j}])_{i,j=1}^{2n}.$










$\det(\frac{1}{1-s_{i}t_{j}})$ . per $( \frac{1}{1-s_{i}t_{j}})=\det(\frac{1}{(1-s_{i}t_{j})^{2}})$
3([9]).
Pf $( \frac{s_{i}-t_{j}}{1-s_{i}t_{j}})$ . Hf $( \frac{1}{1-s_{i}t_{j}})=$ Pf $( \frac{s_{i}-t_{j}}{(1-s_{i}t_{j})^{2}})$ .
$f(z)$
3. $f(z)$ $\{f(t), t\in(-1,1)\}$
$\sigma(s, t):=\mathbb{E}[f(s)f(t)]=\frac{1}{1-st}$ 1 $f$
1. $f$
$n$ $\rho_{n}(t_{1}, \ldots, t_{n})$
: $t_{1},$ $t_{2},$
$\ldots,$ $t_{n}\in(-1,1)$
$\rho_{n}(t_{1}, \ldots, t_{n})=\pi^{-n}Pf(\mathbb{K}(t_{i}, t_{j}))_{1\leq i,j\leq n}.$
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$\mathbb{K}(s, t)(s, t\in (- 1,1))$ $2\cross 2$ $Pf(\mathbb{K}(t_{i}, t_{j}))_{1\leq i,j\leq n}$ $2n\cross 2n$
$(\mathbb{K}(t_{i}, t_{j}))_{1\leq i,j\leq n}$ $\mathbb{K}(s, t)$
$\mathbb{K}(s,t)=(^{\frac{\partial^{2}}{\partial\frac{}{\partial t}\wp^{t}}\mathbb{K}_{22}(s,t)}K_{22}(s, t)$ $\frac{\partial}{\partial s}\mathbb{K}_{22}(s,t)\mathbb{K}_{22}(s,t))$ , $\mathbb{K}_{22}(s, t)=sgn(t-s)\arcsin\frac{\sigma(s,t)}{\sqrt{\sigma(s,s)\sigma(t,t)}}.$








2 : $s,$ $t\in(-1,1)$






2. $t_{1},$ $t_{2},$ $\ldots,$ $t_{n}\in(-1,1)$
$\mathbb{E}[|f(t_{1})f(t_{2})\cdots f(t_{n})|]=(\frac{2}{\pi})^{n/2}(\det\Sigma)^{-}21$Pf$(\mathbb{K}(t_{i}, t_{j}))_{1\leq i,j\leq n}$
$\Sigma=(\sigma(t_{i}, t_{j}))_{1\leq i,j\leq n}$
1 $\mathbb{E}[|f(t_{1})f(t_{2})\cdots f(t_{n})|]$
$f(t)$ $\mathbb{E}[sgnf(t_{1})\cdots$ sgn $f(t_{2n})]$





$E[sgnf(t_{1})$ sgn $f(t_{2})$ $\cdots$ sgn $f(t_{2n})]=( \frac{2}{\pi})_{1\leq i<j\leq 2n}^{n}$$\prod$ sgn $(t_{j}-t_{i})$ . Pf $(\mathbb{K}_{22}(t_{i}, t_{j}))_{1\leq i,j\leq 2n}$
3
$\mathbb{E}[sgnf(t_{1})$ sgn $f(t_{2})$ $\cdots$ sgn $f(t_{2n})]=$ Pf$(\mathbb{E}[f(t_{i})f(t_{j})])_{1\leq i,j\leq 2n}$
Wick 2
5. $f(z)$





$\rho_{n}^{c}(z_{1}, \ldots, z_{n})=\frac{1}{(\pi\sqrt{-1})^{n}}\prod_{j=1}^{n}\frac{1}{|1-z_{j}^{2}|}\cdot Pf(\mathbb{K}^{c}(z_{i}, z_{j}))_{1\leq i,j\leq n}$





$\rho_{2}^{c}(z, w)=\rho_{1}^{c}(z)\rho_{1}^{c}(w)+\frac{1}{\pi^{2}|1-z^{2}||1-w^{2}|}(|\frac{z-w}{1-zw}|2 -| \frac{z-\overline{w}}{1-z\overline{w}}|^{2})$
$z,$ $w\in \mathbb{D}_{+}$ $\rho_{2}^{c}(z, w)<\rho_{1}^{c}(z)\rho_{1}^{c}(w)$






$\bullet$ i.i. $d$ . $N_{\mathbb{R}}(O, 1)$ $N\cross N$ $Narrow\infty$
[2,6].




$\{B_{\lambda}(t), t>0\}$ Maximal entrance law annihilating B. $M$ .




$\mathbb{K}(s, t)=(^{\frac{\partial^{2}}{\partial\frac{S}{\partial t}\beta^{t}}\mathbb{K}_{22}(s,t)}\mathbb{K}_{22}(s, t) \frac{\partial}{\partial s}\mathbb{K}_{22}(s,t)\mathbb{K}_{22}(s,t))$
$\mathbb{K}$
7. $(X_{1}, \ldots , X_{n})$ $(n-1)$-
$S^{n-1}(\sqrt{n})$ $k$
$(X_{1}, \ldots, X_{k})arrow dN(0, I_{k})$




[11] :Haar $(k+N)\cross(k+N)$ ( )





$f_{N}(z):=(-1)^{N} \det U\cdot\frac{\det(zI-V^{*})}{\det(I-zV)}=(-1)^{N}\det U\cdot\prod_{k=1}^{N}\frac{z-\overline{\lambda}_{k}}{1-z\lambda_{k}}$
$\sim N^{k/2}f_{N}(z) arrow d \det(\sum G_{j}z^{j})\infty$
$j=0$
–
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